Quantum open systems are described in the Markovian limit by master equations in Lindblad form. I argue that common "quantum jumps" or "Monte Carlo wavefunction" techniques, which solve the master equation by unravelling its evolution into stochastic trajectories in Hilbert space, correspond closely to a particular choice of a set of decoherent histories, as described in the theory of Gell-Mann and Hartle. This is illustrated by a simple model of a photon counting experiment. This correspondence is similar to that shown by Diosi et al. between decoherent histories and quantum state diffusion.
I. INTRODUCTION
Recently a great deal of work has been done in quantum optics on simulations of continuously measured systems with dissipation, referred to variously as quantum trajectories, quantum jumps, relative state, and Monte Carlo Wavefunction techniques [1] [2] [3] [4] [5] . In these techniques, a system described by a Lindblad master equation in the Markovian approximation [6] ,ρ
is "unravelled" into a stochastic differential equation in terms of pure quantum states. In (1), ρ is the reduced density operator of the system, H is the system Hamiltonian, and the {L m } are a set of Lindblad operators which model the effects of the environment. Averaging these stochastic equations over their noise terms reproduces the master equation (1) above. Quantum jump techniques are of interest for two main reasons. First, they can be used to numerically solve the master equation (1) . A density operator ρ on a Hilbert space of dimension N requires some N 2 − 1 numbers to represent it; this can be computationally unfeasible for a large Hilbert space, while a single state (of size roughly 2N) is still practical, even with the requirement of averaging over many stochastic runs. More fundamentally, one can think of a quantum jump equation as a conditional evolution of the quantum system, conditioned on the random outcome of a series of continuous or repeated measurements.
Around the same time, that quantum trajectories were introduced, the decoherent histories formulation of quantum mechanics was developed by Griffiths, Omnès, and Gell-Mann and Hartle [7] [8] [9] [10] [11] [12] . In this formalism, one describes a quantum system in terms of an exhaustive set of possible histories, which must satisfy a decoherence or non-interference criterion. Histories which satisfy this criterion may be assigned classical probabilities, and obey the usual classical probability sum rules. This criterion is described by a decoherence functional D[h, h ′ ], a complex functional on pairs of histories. Two histories h and h ′ are said to decohere if they satisfy the relationship
where p(h) is the probability of history h. A set of histories {h} is said to be complete and decoherent if all pairs of histories satisfy (2) and their probabilities sum to 1. Both quantum trajectories and decoherent histories describe a quantum system in terms of alternative possible evolutions; they thus bear a certain resemblence to each other. What is more, histories which correspond to possible records of a "classical" measuring device should always decohere. Thus, there should be a set of decoherent histories which correspond to the quantum trajectories of a continuously measured system.
Exactly such a correspondence has been shown between decoherent histories and quantum state diffusion (QSD), a very different unravelling of the master equation, by Diósi, Gisin, Halliwell and Percival [13] . QSD trajectories were shown to correspond to a set of approximately decoherent histories for a specific choice of projections operators at closely spaced intervals of time. Below I will show a similar correspondence for quantum jumps, and I would conjecture that most useful unravellings will correspond to some set of decoherent histories in an exactly analogous way.
In this paper I give a model where this correspondence can be shown explicitly. In section 2 I describe this model, which includes a quantum system and a classical measuring device, and show how the quantum system is described by a master equation in Lindblad form.
In section 3 I derive the quantum jumps equation for this master equation, and show that it reproduces the master equation on average. I discuss the types of behavior exhibited by individual trajectories.
In section 4 I select a specific set of decoherent histories, corresponding to definite states of the measuring device at a sequence of times. One can easily show that by eliminating the degrees of freedom of the measuring device, the evolution of the system alone is the same as a solution of the quantum jumps equation; moreover, the probabilities of the histories equal the probabilities of the quantum trajectories, and the histories decohere to a very good approximation.
I draw conclusions in section 5, and suggest some possibilities for making use of this result in the study of decoherent histories.
II. THE MODEL
Consider a quantum system with Hilbert space H 1 and a HamiltonianĤ 0 , which is completely isolated except for a single channel of decay-an interaction with an external measuring device which detects emitted photons. We will model this measuring device in the simplest possible way, as a single two-level system (the "output mode") strongly coupled to an environment representing the remaining degrees of freedom of the device. The Hilbert space of the two level system is H 2 , and we assume that its Hamiltonian is zero (e.g., in an interaction picture). The combined state of the system plus output mode lies in the product Hilbert space
The remainder the measuring device produce two important effects. The first is dissipation. Excitations of the output mode will be absorbed by the measuring device with a rate Γ 1 which we assume to be rapid compared to the dynamical timescale of the system. The time 1/Γ 1 represents the time-resolution of the detector.
The second effect is more subtle but just as important: decoherence. As the state of the output mode becomes correlated with the internal degrees of freedom of the measuring device, the phase coherence between the ground and excited states of the output mode is lost. Investigations of this process have shown that the loss of coherence is generally far quicker than the actual rate of energy loss. This decoherence rate is Γ 2 ≫ Γ 1 .
Studies of decoherence have shown that Γ 2 is often proportional to Γ 1 , but with a large prefactor relating to the size of the neglected environment [14] .
We suppose that the system and output mode interact via a linear potential
and the total Hamiltonian for the system plus output mode iŝ
whereâ andb (â † andb † ) are the lowering (raising) operators for H 1 and H 2 , respectively. The hierarchy of evolutions rates is Γ 2 ≫ Γ 1 ≫ κ.
The total system obeys the following Markovian master equation:
where ρ is the density matrix for the combined system and output mode, and L is the Liouville superoperator. The Pauli operator σ 2 z acts on the output mode. This is a linear equation, and so can be formally solved
In this case, when the "environment" represents the effects of a continuous measurement, it is easy to show that if one retains only the Hamiltonian terms and assumes that a von Neumann measurement is performed on the output mode every 1/Γ 2 , with the mode reset to zero every 1/Γ 1 , it reproduces the master equation (5) above in the mean. Furthermore, a single realization of this measurement scheme is then described by the quantum jump formalism given in section 3 below.
Let's assume that we start in a pure state |Ψ where the output mode is initally in the ground state, |Ψ = |ψ ⊗ |0 . We can expand the density matrix ρ explicitly in terms of its components in H 1 and H 2 :
where the ρ ij are operators on H 1 and the |i j| act on H 2 . In terms of these components the master equation becomeṡ
where
The important element in analyzing this model is its time evolution. Given that Γ 1 , Γ 2 are large compared to the dynamical timescales of the system, it is convenient to expand the time-evolution superoperator into the following form:
where multiplication of superoperators is composition, with the earliest rightmost. Second order terms are all that will be needed in this paper. Here the Hamiltonian and environmental terms of the master equation have been separated:
and
The effects of the relevant superoperators L H and e L G t are simple:
Since the 01, 10, 11 components are heavily damped, in this limit we can adiabatically eliminate all components other than ρ 00 [15] . The equation for ρ 00 then becomeṡ
to first order in κ 2 /G. This equation holds good on time scales δt long compared to Γ 1 . Thus, in the adiabatic limit we see that this indirect measurement scheme for the total system and output mode does reproduce the usual master equation (1) for the system alone. Because κ 2 /G is small, this represents weak damping. This weakness is related to the quantum Zeno effect; if the detector had infinite time resolution, the system would never emit a photon at all [16] .
III. QUANTUM JUMPS
Now we unravel the master equation (14) into a sum over quantum jump trajectories. First we define a non-Hermitian effective Hamiltonian
Assume that the system begins in a pure state |ψ . This state evolves according to the usual Schrödinger equation with the above effective Hamiltonian,
interrupted at random times by sudden quantum jumps |ψ →â |ψ
A state that evolves without jumping is given by
Note that this evolution does not preserve the norm of the state except at the jumps, when the state is renormalized. The actual physical state is taken to be |ψ = |ψ / ψ|ψ , the renormalized state. It is possible to rewrite these equations in explicitly norm-preserving form at the cost of a little extra complexity and nonlinearity, but the above form is more convenient for most applications [2] . We will see that this is also true for comparisons to decoherent histories, below.
The probability that an initial state |ψ evolves for a time T and undergoes N jumps at times t 1 , . . . , t N is
i.e., the norm of the unrenormalized state gives the probability for that state to be realized. The master equation (14) is valid only as long as the Markovian approximation remains good. In the case of our toy model, this means that it is valid only on timescales longer than 1/Γ 1 . Thus, rather than a jump occurring at a time t i , it is more correct to consider the jump as occuring during an interval δt ∼ 1/Γ 1 centered on t i . For practical purposes this qualification is unimportant, but it will prove important in making comparisons to decoherent histories.
By averaging |ψ ψ | over all trajectories with an appropriate probability measure (19) , one can show that this unravelling does reproduce the master equation (14) as required [3] .
In the context of photon-counting experiments one can give a simple physical interpretation to the individual quantum jump trajectories, as the state of the system conditioned on the continuous measurement record from the photon counter. As time passes without the detection of a photon we gain information about the state of the system; the lower states become more probable relative to the higher states, this effect given by the non-Hermitian part of the effective Hamiltonian. The jumps represent actual photon detections, in which both the state of the system and the state of our knowledge change abruptly.
IV. DECOHERENT HISTORIES
In nonrelativistic quantum mechanics, a set of histories for a system can be specified by choosing a sequence of times t 1 , . . . , t N and a complete set of projections {P j α j (t j )} at each time t j , which represent different exclusive possibilities:
Note that theseP's are Heisenberg operators; one could represent them in the Schrödinger picture byP
A particular history is given by choosing oneP at each point in time, specified by the sequence of indices {α j }, denoted h for short. The decoherence functional on a pair of histories h and h ′ is then given by
where ρ(t 0 ) is the initial density matrix of the system [10] . We now specialize to the system and output mode described in section 2. They are initially in the pure state |Ψ = |ψ 0 ⊗ |0 . Since the degrees of freedom of the environment (e.g., the internal degrees of freedom of the measuring device) have already been traced out, we would replace the simple Schrödinger evolution (21) with Liouvilian evolution according to the master equation (5), according to the quantum regression theorem [17] .
We now consider histories composed of the following Schrödinger projections:
These projections represent the absence or presence of a photon in the output mode. These projections are spaced a short time δt apart, and each history is composed of N projections, representing a total time T = Nδt. A single history h is given by the string {α 1 , α 2 , . . . , α N }, where α j = 0, 1 represents whether or not a photon has been emitted at time t j = (j − 1)δt. The decoherence functional for two such histories h and h ′ is now
These Liouville evolution superoperators will tend to evolve pure states to mixed states. This is counteracted by the effect of the repeated projectionsP α , as we shall see. There are two important issues to address within the Decoherent histories formalism: the probabilities of histories (given by the diagonal terms of the decoherence functional) and the decoherence of the set of histories as a whole (given by the off-diagonal terms). We will look at them separately.
By combining the above expressions with the appropriate projectionsP 0 andP 1 (which pick out the ρ 00 or ρ 11 component, respectively), we can write down the probabilities of the different possible histories. Let us examine three illustrative cases and see how these exactly parallel quantum jump trajectories.
Evolution without jumps
Suppose that initially ρ 00 = |ψ ψ| while ρ 01 = ρ 10 = ρ 11 = 0, i.e., the system is in a pure state and no photon has been omitted. Let us consider the history given by an unbroken string of NP 0 projections, corresponding to no photon being omitted during a time Nδt.
The probability of such a history is given by the diagonal element D[0 N , 0 N ] of (24). We can expand the time evolution superoperator using (9), and we see that after the first time interval δt we get
Repeating this N times and taking the trace we get
which exactly agrees with the probability of the quantum jump trajectory when no jumps are detected.
Evolution up to a single jump at time N δt
Here we can just make use of the previous result (29) up until time Nδt, when instead of using projectionsP 0 we use projectionsP 1 . This is the same as keeping the ρ 11 component of exp(Lδt)ρ instead of the ρ 00 component at the final projection time. This yields
Once again, this exactly agrees with the probability of the corresponding quantum jump trajectory.
Evolution after a jump
What happens after the external mode has "registered" as being in the excited state? Essentially, there are two possibilities: either the external mode can drop back down to the unexcited state (representing absorption of the photon by the measuring device) or it will remain in the excited state. We can examine these two possibilities separately:
So we see that the external mode has a probability of roughly Γ 1 δt per time δt of dropping back down to the ground state, whereupon it resume evolution as in (29), and a probability of 1 − Γ 1 δt of remaining in the excited state, in which the system state continues to evolve according the the effective HamiltonianĤ eff . This is different from quantum jumps, in that it is somewhat more refined. Quantum jumps resolves the evolution only on a timescale 1/Γ 1 , not a timescale δt ≪ 1/Γ 1 . However, there is a near-unity probability of the external mode returning to the ground state within a time of order 1/Γ 1 , so one can simply sum over all the histories in which the photon is absorbed within this time. It is easy to see that these will, once again, match the quantum jump trajectories.
By combining the three cases described in this section, one can describe histories of multiple jumps. It is easy to see that the probability of such a history will be exactly of the form (19) .
B. Decoherence of histories
The requirement for such a histories description to be meaningful is for the histories to be decoherent. Exact decoherence, as in (2), is a very difficult criterion to meet. It is more usual to show that a model is approximately decoherent, which insures that the histories satisfy the probability sum rules to some level of precision.
One criterion for approximate decoherence has been suggested by Halliwell and Dowker. If we wish the probability sum rules to be satisfied to a precision ǫ ≪ 1, we require that
for all unequal pairs of histories h, h ′ . Generally speaking, the "more different" a pair of histories is (i.e., the more projections they differ in), the more suppressed the off-diagonal term. So it suffices to look at two histories which are as close as possible without being identical.
In the case of these "jump" histories, this means that these histories differ at a single time t i , one having a projectionP 0 , the otherP 1 . In the decoherence functional, this is equivalent to picking out the ρ 01 or ρ 10 component of exp(Lδt)|ψ ′ ψ ′ | at that time. Examining the components given by (9-13) and (26-27), we see that
so we expect the sum rules to be obeyed with a precision of roughly O( 1/Gδt).
V. CONCLUSIONS
We have seen how, in this simple model of a continuous measurement, the set of quantum jump trajectories corresponds exactly to a set of decoherent histories. This is satisfying, if not surprising. One of the principal goals of the decoherent histories program was to create a formalism which would reproduce the results of the usual Copenhagen formalism in measurement situations. It is pleasant to note that extensions of the usual Copenhagen formalism to repeated or continuous measurements follow very naturally within decoherent histories.
In this letter, I considered only one measurement scheme: direct photodetection. In fact, there are many different schemes which give rise to different unravellings of the same master equation-heterodyne and homodyne detection, to name two. It has already been shown how different measurement schemes give rise to different unravellings [4, 18] . I have no doubt that arguments similar to those I have advanced in this paper will demonstrate similar correspondences to different sets of decoherent histories.
The importance of this result lies in confirming the general intuition that quantum unravellings correspond closely to particular sets of decoherent histories; and, moreover, sets of great practical importance, thanks to their interpretation as continuous measurements. Moreover, the reverse argument also holds, so that decoherent histories can be used to justify the employment of quantum trajectories in cases which don't correspond to continuous measurements. This issue has already been discussed in the context of imperfect photodetection schems [4] .
This correspondence also has obvious practical benefits. Enumerating a full set of decoherent histories and calculating their probabilities is an arduous and unrewarding task, in general, increasing exponentially with the size of the problem. There is a great deal of accumulated experience in simulating quantum trajectories; in situations where one would like to generate individual decoherent histories with correct probabilities, existing numerical techniques could be used. This is especially useful since in a typical set of decoherent histories, a large number of histories have probability zero, and hence can be neglected.
The decoherent histories formalism was developed largely in response to the problems of quantum cosmology. Quantum trajectories arose from problems in quantum optics and atomic physics. Both were intended to extend the usual von Neumann description of quantum mechanics to new realms of application. As the connections between the two formalisms are further explored, we can hope that a great deal of interesting physics will emerge. 
